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Introduction

Let {X;, t > 0} be the birth-and-death process with state space

E=1{0,1,2,--- ,N} and the following conservative Q-matrix:
Q = (qi)
I _(ai+bi)7 ./Zla 0 <,
W= j=i+1, 1<i<N, (1)
0, otherwise.

Where ag = 0,a2; > 0,1 < i< N,b; >0,0<i <N —1,by=0.
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Introduction

{t: X¢ >0} =U2, [17,mi), where {[17,n;), i € N} is the family of
maximal disjoint random time intervals such that X; > 0 on every
interval [17,7;).
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Introduction

{t: X¢ >0} =U2, [17,mi), where {[17,n;), i € N} is the family of
maximal disjoint random time intervals such that X; > 0 on every
interval [17,7;).Let

H,(\;) = max{X;, t € [17,m)}

H,(\;) is the maximal value which X; can reach, before return to 0.
H,(\;) is called the height of [7;, ;).
{HW,ie N} iid. H{) is reduced to Hy.
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The problem

The asymptotic behavior of Hy is studied in the case when the
number of states tends to infinity.
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The problem
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Suppose bj = (N — i)v,a; = ip,p = % then

. E(Hp)
Jim =R = £(p). (2)
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The problem

The asymptotic behavior of Hy is studied in the case when the
number of states tends to infinity. Videla L. A. [1] gives the
following results:

Suppose bj = (N — i)v,a; = ip,p = % then

. E(Hp)
Jim =R = £(p). (2)

Where a := a(p) be the unique solution of the equation
xX(1 — x)1=* = p* for p € (0,1).

a, 0<p<l,
w={ 3 05
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The main results

WW?Z [2] gives the following results: :

Hy _ covoi2
Tim N ) in L (@)
and P
it Var(HN) _ (,0)’ (5)
N—ro0 1%
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The main results

Secondly, we give a upper bound to the fluctuation of Hy as
follows:
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The main results

Secondly, we give a upper bound to the fluctuation of Hy as
follows:

. . og x
tisfies that lim, —— =0, th
Suppose p(x) satisfies that limy_o 20 en
Hy —E(H
im p (VBN ) [0 x<0 g
N—oo gp(N) 1, x > 0.
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The main results

Suppose b; = v(N — i), a; = ui®, p = Z then

. HN . 2
I — =f L-.
Jim_ == = f(p, B) in (7)
Further, when 8 > 1, so that
H
lim WN = f(p, B) a.s. (8)

Where a := a(p, 5) is the unique solution of the equation
x*(1 = x)t=% = p*/P for p € (0,1).

s ={ 3 051<h ©)
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The main results

Theorem 4
(1) If 0 < B <2, then

li Var(HN) _ f2(p?/8)

Ninoo N2—ﬁ

(2) If B> 2, then

Var (Hy) < Clog® N. (11)
Where C is independent of N, depend on 5, p.

P (10)
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The main results

Theorem 5
The finite queue M/M/s/N, a; = ip,i =1,2,--- s, a; = sp,
i>s, b=\ Let p=\/(sp),

(1) f0< p <1, then
Jim E(Hy) =(p),  lim Var(Hy) = ¢(p). (12)
(2) If p=1, then

(s—1) (s—1)
- E(Hn) _ s 7 im Var(Hy) _ 2 (13)
N—oo logN (s —1)! N—oo N (s —1)!

(3) If p>1, then

lim E(Hn)
N—oo N

Where 9(p), ©(p), C(p),n(p) is finite, depend on s, p.
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Distribution of Hy

The birth-death process X; with Q-matrix (1), distribution of Hy
for X; follows:

1
P(Hy > k) = k=23, N (15)
1+35 —
b by
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Distribution of Hy

The birth-death process X; with Q-matrix (1), distribution of Hy
for X; follows:

1

= k—la....al’
1"‘Z:izl bl._..bl

P(Hy > k)

k=2,3-,N. (15)

Let a; = i®u, by = (N — i)Pv, then

_ 1

= .
1+ o (Ni 1)

-8
. _ifn—1
ro8.n(i) = p < . >

P(Hy > k)

k=23, ,N. (16)

1
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Let a := a(p, 5) be the unique solution of the equation
x*(1 = x)1=% = p*/B for p € (0,1), h, = [a(n — 1)], then

rp,8,n(hn) = O (nﬁ/z) . (17)

Wau Xian Yuan (joint work with Wang Feng, Zhu Rui) The Asymptotic Behavior of the Height for a Birth-Death Proces



Proof of Lemma 6

Lemma 3

Suppose p € (0,1), there exists some constants Cy, Gy, such that

ro,n (hn + [Cilog n]) > ry n(hn)n?, (18)
ry.8,n (hn — [C2log n]) < rpm(hn)n*3 (19)

for large enough n.
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Estimate of E (Hy)

(1) If 0 < p < 1, there exists some constants C3, C4, for N large
enough, we have

[aN] — GNP — Chlog N <E(Hpy) < [aN] +1.  (20)

(2) If p > 1, there exists some constants Cs, for N large enough,
so that

N — GsN'=F < E(Hy) < N. (21)

<
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Estimate of Var (Hy)

(1) If 0 < p < 1, for N large enough, we have

([aN] — [C2log N] — C3N1*B)2
1+ p(N—1)

< Var (HN)
o2
<% 240 (NHﬁ) + Clog? N.
p
2) If p > 1, for N large enough, we have
p
(N = 2o~ (N = 1)1-F — 1)2
1+ p(N—1)8
< pTINA(N — 1)+ 0 (N2727) + Clog? .

< Var (HN)
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Estimate of Var (Hy)

(1) If 0 < p < 1, for N large enough, we have

([aN] — [C2log N] — C3N1*B)2
1+ p(N—1)

< Var (HN)
o2
<% 240 (NHﬁ) + Clog? N.
p
2) If p > 1, for N large enough, we have
p
(N = 2o~ (N = 1)1-F — 1)2
1+ p(N—1)8
< pTINA(N — 1)+ 0 (N2727) + Clog? .

< Var (HN)

By lemma 5, we proof Theorem 4.
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Proof of Theorem 3

2

=0 (N*ﬁ) .

’—f

— Var (7\7) + ‘E(Z’V) — f(p)

. HN_ . 2
am, Ty = o) in L

Hy 1
When 5 > 1, Ve > O’PQN - f(p)‘ >5> =0 (I\lﬂe2> then

S (-] <o

by Borel-Cantelli lemma, then
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Proof of Theorem 5
»S,di = SK,

The finite queue M/M/s/N, a; = ip,i =1,2,---
i>s, b=\ Let p=X\/(su), ro=1,r= M, then
bibj—1-+- b

T
Lol i<s,
SI
= 22
TSy -1 (22)
, I >s
gs—1
by lemma 1, we have
P(Hy > k) = — (23)
b Zf(;ol r
Moo
E(Hw) = > S (24)
i=0 "1
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Proof of Theorem 5

Vk e {1,2,--- N — 1}, we have

P(Hy = k) =P (Hy > k) —P(Hy > k + 1) (25)
Ik
— - (26)
o ri- Z o’J
N s r
E(HR) =Y K P(Hy=k =D K —1——
k=1 k=1 Do fi- Zj:Orj
N-1 ,
+ Y K £
S (T n+ = 9)n) (S n+ (k= s+ 1))
1
+ ? s—1
oli+(N—s)r

(27)
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